In the present work, we deal with a binary mixture of diluted relativistic gases within the framework of the kinetic theory. The analysis is made within the framework of the Boltzmann equation. We assume that the gas is under the influence of an isotropic Schwarzschild metric and is composed of particles with speeds comparable with the light speed. Taking into account the constitutive equations for the laws of Fourier and Navier-Stokes, we obtain expressions for the thermal conductivity, the shear, and bulk viscosities. To evaluate the integrals we assume a hard-sphere interaction along with non-disparate masses for the particles of each component. We show the analytical expressions and the behavior of the transport coefficients with respect to a relativistic parameter which gives the ratio of the rest energy of the particles to the thermal energy of the gas. We also determine the dependence of the transport coefficients with respect to the gravitational potential and demonstrate that the corresponding one component limit is recovered by considering particles with equal masses, in accordance with the kinetic theory of a single fluid.
INTRODUCTION
One of the most important outcomes of the kinetic theory is to provide analytic expressions for the transport coefficients for diluted gases. Appealing to astrophysical scenarios where the aforesaid theory can be applied, it may concern to the interstellar cloud gases and particular conditions in the interior of stars. In those cases, diluted gases can lie under the presence of a gravitational potential and within relativistic (high temperatures) conditions.
The study of the kinetic theory within the tenets of general relativity, in particular the study of constitutive equations and the corresponding transport coefficients in the presence of curved space-time is a subject that has not been studied deeply in the literature. We can mention some works in which some metrics were adopted to analyze a relativistic gas [1, 2, 3] . Recently, the interest of the study of gases in the presence of gravity has raised [4, 5] and curved space-time have been incorporated to the Boltzmann equation to obtain constitutive equations [6, 7, 8] . Furthermore, it has been shown that the so-called Tolman law [9, 10] can be derived from the kinetic theory formalism [11] and that the transport coefficients depend on the gravitational potential gradient [6] . On the other hand, from the phenomenological point of view, the first post Newtonian approximation (1PN) implies a correction to the pressure that depends on the gravitational potential [12] . Such a dependence has been obtained from a microscopic point of view by determining the first post Newtonian approximation to the Maxwell-Jüttner distribution function [13] . This last statement is also demonstrated in this article.
In the present work we start the analysis with the covariant Boltzmann equation [14] for a linear regime. The method to solve the Boltzmann equation is one that combines the Chapman-Enskog [15, 16] and Grad [17] formalisms [18, 14] , it leads to the determination of the constitutive equations for the linear fluxes of heat, particles and momentum. We have developed such a program in [8] and in this work we evaluate the thermal conductivity, bulk and shear viscosities. We show the behavior of such quantities with respect to the ratio of the rest energy of the particles and the thermal energy of the gas, the corresponding one-component and non-relativistic limits and ultimately their dependence with the gravitational potential.
BASIC EQUATIONS AND METHOD OF SOLUTION
Let us consider a binary mixture of ideal and relativistic diluted gases under the influence of a curved space-time described with the isotropic Schwarzschild metric:
here G is the gravitational constant, M the total mass of the spherical source and r the radius. We consider that the gas is constituted by particles that do not have internal degrees of freedom. Each of these particles of the constituent a = {1, 2} have rest mass m a and are characterized by the space-time coordinates x µ = (ct, x) and momentum p 
Here the metric connection is given through the Christoffel symbols Γ 
Quantities denoted with a prime are evaluated with the momentum of the particles after a binary collision, that is, f
It is well-know that the solution of the Boltzmann equation in a situation in which the collisions do not alter the distribution function is given by the Maxwell-Jüttner distribution function [20] . That is, the distribution function that describes the local equilibrium reads
The second equality of Eq. (3) is evaluated in the co-moving frame, where
is a modified Bessel function of second kind and ζ a = m a c 2 /kT . Following the standard procedures [14] of the kinetic theory, the obtention of the balance equations results from the successive multiplication of the Boltzmann equation with the moments of the distribution function and integration over
. Such development is an unnecessary task to be done here due to the objectives of the present work. Here we recall the definition of the energy-momentum tensor
, for the mixture we have
and the particle four-flow of species a
, and for the mixture
Following the Eckart frame [21] , we introduce the following decomposition of N µ a in terms of the hydrodynamic four-velocity U µ as
is the local number of particles of species. Above also appears the diffusive particle four-flux J µ a defined as
and it holds J µ a U µ = 0. (7) As usual, the energy-momentum tensor Eq. (4) can be decomposed in an irreducible form as
where e a is the energy per particle, p a the pressure and h a = e a + p a n a the enthalpy per particle of constituent a. From equation (8), with some appropriate projections, we are able to obtain general expressions for the partial heat four-flux q µ a , dynamical pressure ̟ a and pressure deviator tensor p µν a as:
The method of solution of the relativistic covariant Boltzmann equation that we have used is a combination that mixes features of the Chapman-Enskog [15] and Grad [17] formalisms (see [18, 19] ). It consists essentially in doing an expansion to first order of the distribution function that is solution of Boltzmann's equation for each species. Then an imposition of its compatibility with the solution given by Grad to linear regime leads to a linearization of Boltzmann equation for the thermodynamic four-fluxes of heat, particles, dynamic pressure and pressure deviator tensor. Here it is not viable to rewrite such an expression because it is quite long, but the reader can find the complete analysis in [8] .
FOURIER LAW
Once upon the method described in last section is developed to linearize the Boltzmann equation, it leads to an algebraic system of equations for the thermodynamic fluxes. By taking the sum of the partial heat flux Eq. (9a) we can obtain the Fourier law, which establishes that the thermal conductivity is the ratio between the total heat flux and the thermal force, in this case we obtain
is the thermal conductivity. The generalized thermal force has been defined as
This thermodynamic force has the following dependence:
• The first term is the gradient of the temperature as a legitime thermodynamic variable.
• The second term has a contribution of the hydrodynamic four-acceleration in accordance with the phenomenological work developed by Eckart, see [21] . This is a strictly relativistic term due to the factor ∼ T/c 2 . It represents an isothermal heat flux when matter is under acceleration and acts in opposite direction to the movement of the gas.
• Lastly we observe a contribution to the heat flux due to the gradient of the gravitational potential Φ = − GM r . This is also a relativistic contribution ∼ T/c
2 .
An issue that deserves to be underlined is that equation (10a) recovers the so-call Tolman law in the absence of heat flux and acceleration. That is, in the nearby of a gravitational source, a state of equilibrium of a relativistic gas can be achieved when the temperature gradient is counterbalanced by a gravitational potential gradient. If we evaluate the projector (Eq. (7b)) with a Schwarzschild metric (Eq. (1)) in the comoving frame U µ = c/ √ g 0 , 0 we have
Now, if we suppose a week field Φ/c 2 ≪ 1 we can expand the term
so that, from equation (11) to lowest order we recover
which is the Tolman law. The H ′ s functions that appear in Eq. (10b) are described as general functions in [8] and have been evaluated in [22] with the following two hypotheses:
1. The masses of the different constituents are similar, that is m 2 = m 1 (1 + ǫ) where ǫ ≪ 1. 2. We consider hard-spheres, and the diameters of the particles are constant and a small difference is assumed for the diameter of the species 2 with respect to the diameter of species 1 as:
The hardsphere differential cross-sections are given as functions of the diameters according to
2 /16. Furthermore, we obtain the relations: σ 11 = σ, σ 12 = σ(1 + ξ) and σ 22 = σ(1 + 2ξ) with σ =cte.
In figure 1 we show the behavior of the dimensionless thermal conductivity coefficients for different situations of concentration as a function of the relativistic parameter ζ 1 = m 1 c 2 /kT . We note that the thermal conductivity coefficient assume large values in the non-relativistic limit ζ 1 ≫ 1 than in the ultra-relativistic limit ζ 1 ≪ 1 and that it decreases by increasing the concentration ratio n 2 /n 1 . It is worth to mention that we can recover the appropriate expression for the thermal conductivity in the case of a single fluid when we assume m 1 = m 2 = m, n 1 = n 2 = n, σ 11 = σ 22 = σ 12 = σ. In such a case, equation (10b) reduces to [14, 23] 
here G = K 3 (ζ)/K 2 (ζ) is an abbreviation for the ratio of modified Bessel functions of second kind (see [14] ). The non-relativistic (ζ ≫, low temperature) and ultra relativistic (ζ ≪ 1, high temperature) limiting cases lead to
Here d represents the diameter of one particle.
NAVIER-STOKES LAW
In this section we show the constitutive equations for the transfer of momentum in the gas, these equations are commonly known as the Navier-Stokes law and they are obtained through the definitions written in Eqs. (9b) and (9c):
First we analyze the bulk viscosity η, hence by following the methodology described in [22] we obtain
Here the elements of the matrices R ab are given in [22] . We have also introduced the derivative of the heat capacity per particle at constant volume c
being
In figure 2 , we show the plot of the bulk viscosity when the mass of the particles of species 2 are m 2 = m 1 (1 + ǫ) with ǫ ≪ 1 and the difference in the size of the molecules are d 2 = d 1 (1 + ξ), ξ ≪ 1, as in the last section. From equation (18) we can evaluate the one-component limit (m 1 = m 2 = m, n 1 = n 2 = n, σ 11 = σ 22 = σ 12 = σ) which yields
kT cσ
according with the known expression [14, 23] . We can conclude from Fig. 2 that the bulk viscosity decreases by increasing the concentration of constituent labeled by 2 with respect to the one labeled by 1 and that the corresponding non and ultra-relativistic values tend to zero. Indeed, by evaluating the limiting non and ultra-relativistic cases we obtain
which are negligible quantities for a suitable ζ. Ultimately we analyze the shear viscosity µ defined in Eq. (17b). From [22] we have that
In figure 3 we see the graphics of the shear viscosity for a single gas in black (when m 1 = m 2 = m, n 1 = n 2 = n, σ 11 = σ 22 = σ 12 = σ) and in colored curves we set ǫ = 0.01 and ξ = 0.1 and different concentrations. We can infer from figure 3 that the dimensionless shear viscosity coefficient assume large values in the non-relativistic limiting case ζ ≫ 1 than those corresponding to the ultra-relativistic limiting case ζ ≪ 1. We can conclude that the µ decreases by increasing the concentration of the constituent labeled by 2 with respect to the one labeled by 1 as it happens with the other coefficients. For the case os a single component we consider that the rest masses, the particle number densities and the differential cross-sections of both constituents are the same, then we get that the shear viscosity reduces to its known expression [14, 23] ,
The cases of low (non-relativistic ζ ≫ 1) and high temperatures (ultra-relativistic ζ ≪ 1) are obtained as 
FINAL REMARKS
In this work we have shown analytical expressions for the transport coefficients of thermal conductivity, bulk and shear viscosities. We showed with the help of graphics that these coefficients decrease respect to the single component one when the concentration of the species 2 is less that the one of species 1. This last happens when the rest mass of the particle of species 2 is a little bigger than the rest mass of the particles of species 1, m 2 = m 1 (1 + ǫ).
A very interesting issue to underline, as has been shown in the literature [6, 7] , is the dependence of the transport coefficients on the gravitational potential. To do so, we can write the last two terms of Eq. (8) by taking the sum over species and substituting the constitutive equations for the dynamical pressure and pressure deviator tensor:
